Abstract. This paper suggests two novel ideas to develop new proximal variable-metric methods for solving a class of composite convex optimization problems. The first idea is a new parameterization of the optimality condition which allows us to develop a class of homotopy proximal variable-metric methods. We show that under appropriate assumptions such as strong convexity-type and smoothness, or self-concordance, our new schemes can achieve finite global iteration-complexity bounds. Our second idea is a primal-dual-primal framework for proximalNewton methods which can lead to some useful computational features for a subclass of nonsmooth composite convex optimization problems. Starting from the primal problem, we formulate its dual problem, and use our homotopy proximal Newton method to solve this dual problem. Instead of solving the subproblem directly in the dual space, we suggest to dualize this subproblem to go back to the primal space. The resulting subproblem shares some similarity promoted by the regularizer of the original problem and leads to some computational advantages. As a byproduct, we specialize the proposed algorithm to solve covariance estimation problems. Surprisingly, our new algorithm does not require any matrix inversion or Cholesky factorization, and function evaluation, while it works in the primal space with sparsity structures that are promoted by the regularizer. Numerical examples on several applications are given to illustrate our theoretical development and to compare with state-of-the-arts.
1. Introduction. Problem statement. We are interested in the following composite convex minimization template that covers various of applications in different fields including statistics, machine learning, image and signal processing, and engineering [3, 4, 8, 9, 15, 49] : (1) F := min
where f : R p → R∪{+∞} and g : R p → R∪{+∞} are proper, closed, and convex functions. Here, f often represents a loss function or a data fidelity term, while g is considered as a regularizer or a penalty to promote some desired structures of the final solutions.
Motivation. This paper aims at addressing two questions arisen from numerical methods for solving (1) . The first question concerns the global iteration-complexity of second-order-type methods. It is well-known that second-order methods such as Newton-type algorithms have fast local convergence rates under certain assumptions. In particular, the classical Newton method can achieve a local quadratic convergence rate under the local Lipschitz continuity of the Hessian around an optimal solution and the regularity of such an optimal solution [14] . However, global convergence behaviors as well as global convergence rates and iteration-complexity estimates of second-order-type methods have not yet been well understood. Recent attempts to address the aforementioned issues have been made for Newton-type methods [42, 44, 45] , but they are still limited to some subclasses of problems such as self-concordant and global Lipschitz Hessian functions. In the first part of this paper, we address the following question.
• When can we design second-order-type methods that achieve global iteration-complexity? Unfortunately, we do not have a complete answer for this question. However, we identify three different subclasses of (1) where we can develop new proximal variable-metric methods to achieve a global iteration-complexity. Our algorithms can solve nonsmooth instances of (1), but require f to be smooth and satisfy other additional mild conditions that are different from existing methods.
In the second part of this paper, we address another situation of (1) . We observe that existing methods for solving nonsmooth instances of (1) can be classified into the following categories:
(a) If f is smooth with the Lipschitz gradient and g is nonsmooth but proximally tractable as defined in Subsection 2.2, then accelerated proximal-gradient methods achieve optimal convergence rate of O (2) φ := min X 0 φ(X) := trace (ΣX) − log det(X) + g(X) ,
2.
Poisson log-likelihood models: If we choose f (x) := n i=1 a i x − y i log(a i x) , where {(a i , y i )} n i=1 is a given dataset, then (1) covers Poisson log-likelihood models used in medical imaging, see, e.g., [35] . 3 . Regularized logistic regression: If we choose f (x) := 1 n n i=1 log(1 + exp(−y i (a i x))) + µ f 2 x 2 2 , where {(a i , y i )} n i=1 is a given dataset, and µ f > 0 is a regularization parameter, then (1) covers the well-known logistic models including both sparse and group sparse settings under an appropriate choice of g. 2 , where {(a i , y i )} n i=1 is given, then we obtain a Poisson regression problem as studied in [27, 29] . , for some fixed order q > 0, then this model can be considered as a slight modification of the distance-weighted discrimination (DWD) for binary classification studied in [33, 40] . Many other applications of (1) that fit our assumptions can be found, for example in [11, 48, 61] .
Literature review. Problem (1) is well studied in the literature under different assumptions on f and g. Hitherto, several methods have been proposed for solving (1) . Such methods include disciplined convex programming [22, 64] , proximal gradient and accelerated proximal gradient [4, 41, 43] , proximal Newton-type [6, 34, 61] , splitting and alternating optimization [8, 15, 20, 68] , primal-dual [9, 58] , coordinate descent [16, 50, 46, 65] , conditional gradient [23, 28] , stochastic gradient-type methods [1, 13, 47, 53, 66] , and incremental proximal gradient schemes [7] .
Existing first-order methods for solving (1) heavily rely on the assumption that f has Lipschitz gradient [41] and the proximal tractability of g [3, 49] as defined in Subsection 2.2. Another common subclass of (1) is that g(x) = ψ(Dx) for a given linear operator D, and both f and ψ are proximally tractable. Under this setting, operator splitting and primal-dual approaches can be applied to solve (1) . Notable works in this direction include primal-dual hybrid gradient schemes, Chambolle-Pock's methods, Douglas-Rachford and Vu-Condat splitting algorithms, and alternating direction methods of multipliers [3, 8, 9, 15, 21] . While first-order methods offer a low per-iteration computational complexity, they often require a large number of iterations and have a sublinear convergence rate. In addition, their efficiency also depends sensitively on the scaling and conditioning of the problem [19] .
Proximal second-order methods such as proximal quasi-Newton [6, 30, 54] and proximalNewton methods [34, 61] often achieve a high accuracy solution and have good local convergence rate but they usually have high per-iteration computational complexity. In proximal secondorder-type methods, the trade-off between iteration-complexity and per-iteration computational complexity is crucial to obtain a good performance. Some existing works such as [6, 25, 26, 30, 59, 61] have provided evidence showing that second-order methods outperform first-order methods for some important subclasses of (1) . The recent work [31] also studied the global linear convergence of Newton methods, but using a different concept called "c-Hessian stable". Nevertheless, it is completely different from our approach.
Our approach. Our approach here relies on a combination of different ideas. The first idea is the homotopy method, which has been used in interior-point methods [41] and recently in path-following proximal Newton algorithms [60] , where the main iterations rely on a scaled proximal Newton scheme [60] . The second idea is a new parameterization of the optimality condition of (1) as presented in Subsection 3.1. Our third idea is inspired by the generalized self-concordance concept introduced in [56] . The last one is a primal-dual-primal framework that we have mentioned above.
Our contribution. Our contribution can be summarized as follows.
(a) We suggest a new parameterization for the optimality condition of (1) as a framework to study homotopy proximal variable-metric methods for solving different subclasses of (1) . This framework covers homotopy proximal-gradient, proximal quasi-Newton, and proximal-Newton methods, and their inexact variants as special cases. (b) We propose a homotopy proximal variable-metric scheme, Algorithm 1, to solve (1) based on our new parameterization strategy. We show that this scheme achieves a global linear convergence rate under the strong convexity and Lipschitz gradient assumptions w.r.t. a local norm, and the Lipschitz continuity of g. We also propose an inexact homotopy proximal-Newton method to solve (1) . Under the self-concordant property of f , and either the Lipschitz continuity of g or the barrier property of f , our algorithm can also achieve a finite global iteration-complexity estimate. With an appropriate choice of initial points or suitable assumptions on f and/or g, our method can achieve a linear convergence rate. (c) We propose a primal-dual-primal approach for a subclass of (1) where f is self-concordant.
This approach produces a new homotopy primal-dual proximal-Newton algorithm which can also achieve a linear convergence rate under given assumptions.
(d) We specialize our algorithm to solve a special case (2) of (1) known as a regularized covariance estimation problems studied in [2, 18, 25, 26, 32, 59, 61] . This algorithmic variant possesses the following new features compared to existing works [25, 26, 59, 61] . First, it is applicable to any regularizer g instead of just the 1 -norm as in [25, 26] . Second, it deals with the dual form of (2), while allowing one to reconstruct an approximate primal solution for (2) . Third, it does not require any Cholesky factorization or matrix inversion as in [59] by working on the dual form. Fourth, the subproblem for computing proximal Newton directions is in the primal space of X which has some special structures as promoted by the regularizer g instead of in the dual space where the dual variable has structures that are correspondingly promoted by the conjugate g * . The last point is important computationally when g promotes the sparsity or low-rankness of the solutions. Let us emphasize the following aspects of our contribution. Firstly, our new parameterization strategy can potentially be used to develop new numerical methods for different subclasses of (1) instead of only the four cases studied in this paper. Secondly, our path-following scheme for finding an appropriate initial point of Algorithm 1 is independent of a starting point as shown in Theorem 9. Thirdly, even for a strongly convex and Lipschitz gradient function f , our homotopy scheme has advantages in sparse optimization as discussed in Section 4.1. Fourthly, (1) is different from the barrier formulation considered in [60] , where we do not use any penalty parameter for f in (1) as compared to [60] . In addition, [60] is aimed at solving constrained convex optimization problems where the barrier is induced from the feasible set. Finally, for the covariance estimation problem (2), our method shares some similarity with [25, 26, 59, 60] , but it is still fundamentally different. While [25, 26] focused on the sparse instance of (2), we consider a more general form in (1) that covers this example as a special case. Our algorithm and its convergence guarantee are completely different and rely on a different approach compared to [25, 26] . It has an iterationcomplexity analysis for a genera g, while the analysis in [25, 26] rely critically on the special structure of the 1 -norm for g.
Paper organization. In Section 2, we recall some preliminary results used in this paper. Section 3 presents a new parameterization for the optimality condition of (1) and a conceptual threestage proximal variable-metric framework, Algorithm 1, for solving (1) . Section 4 analyzes the convergence of Algorithm 1 under three sets of assumptions. Section 5 proposes some procedures to find an appropriate starting point for Algorithm 1. Section 6 proposes a primal-dual-primal method for solving a nonsmooth subclass of (1), and its application to the covariance estimation problem (2) . Section 7 provides several numerical experiments to illustrate our theoretical results. All technical proofs are deferred to the appendices.
Preliminaries:
Scaled proximal operators and optimality condition. In this section, we recall some basic concepts which will be used in the sequel.
Basic notation and concepts.
We work on the vector space R p equipped with the standard inner product ·, · and the corresponding Euclidean norm · 2 . We use S p ++ to denote the set of all symmetric positive definite matrices in R p×p . For a given H ∈ S p ++ , we use x H := Hx, x 1/2 to denote the weighted norm. The corresponding dual norm is y * H = H −1 y, y 1/2 . For a subset X , int (X ) denotes the interior of X , and ∂X denotes its boundary. Let f : R p → R ∪ {+∞} be a convex function. As usual, dom(f ) denotes the effective domain of f , and ∂f denotes its subdifferential [51] . If f is twice differentiable, then ∇f and ∇ 2 f denote its gradient and Hessian, respectively. For a given twice differentiable convex function f , if x ∈ dom(f ) such that ∇ 2 f (x) 0, we define a local norm and its dual norm associated with f as in [44] :
x . This is the weighted norm with H = ∇ 2 f (x). For a real number a, we use a to denote the integer less than or equal to a. We use [a] + := max {0, a} for any real number a.
Given a nonempty convex set X in R p , and a point x ∈ R p , the distance from x to X corresponding to the weighted-norm · H is defined as dist (x, X ) := inf y∈X x − y H . For a given convex function f , we say that f is µ f -strongly convex if f (·) − µ f 2 · 2 2 remains convex, where µ f > 0 is called the strong convexity parameter of f . We say that f is L f -smooth (i.e., Lipschitz gradient continuous) if f is differentiable on dom(f ) and ∇f is Lipschitz continuous with a Lipschitz constant L f ∈ [0, +∞), i.e., ∇f (x) − ∇f (y) 2 ≤ L f x − y 2 for all x, y ∈ dom(f ). We denote the class of µ f -strongly convex and L f -smooth functions by F 1,1
2.2. Scaled proximal operators. Let g : R p → R ∪ {+∞} be a proper, closed, and convex function, and H ∈ S p ++ . We define the following scaled proximal operator [17] of g:
The optimality condition of this minimization problem is 0 ∈ H(prox
), which can be written as x ∈ (I+H −1 ∂g)(prox
γ I, where γ > 0 and I is the identity matrix, prox H g (·) becomes a classical proximal operator [3, 49] , and is usually denoted by prox γg (·). An important property of prox H g is its nonexpansiveness (5) prox
for any x, y in R p . We say that g is proximally tractable if prox H g (·) can be efficiently evaluated, e.g., in a closed form or by a low-order polynomial time algorithm (e.g., O (p log(p))). Computational methods for evaluating this scaled proximal operator and its classical forms can be easily found in the literature including [17, 49] .
2.3. Lipschitz continuity w.r.t. local norm. Let · x and its dual norm · * x be defined by a strictly smooth convex function f : R p → R, and g : R p → R ∪ {+∞} be a proper, closed, and convex function.
As a concrete example, assuming that f (x) = 1 2 x Qx + q x is a strongly convex quadratic function, then g is Lipschitz continuous in 2 -norm if and only if g is Lipschitz continuous w.r.t. the local norm defined by f . Lemma 2. A proper, closed, and convex function g is L g -Lipschitz continuous w.r.t. · x with a Lipschitz constant L g on dom(f ) ∩ dom(g) if and only if ∇g(y) * x ≤ L g for any x, y ∈ dom(f ) ∩ dom(g) and ∇g(y) ∈ ∂g(y).
In particular, if f is strongly convex with a strong convexity parameter µ f > 0 and g is Lipschitz continuous in 2 -norm with a Lipschitz constantL
. However, the converse statement does not hold in general.
Proof. For any x, y ∈ dom(f ) ∩ dom(g) and ∇g(y) ∈ ∂g(y), we have
∇g(y)
If f is strongly convex with a strong convexity parameter µ f > 0, then we have ∇ 2 f (x) µ f I for any x ∈ dom(f ). Therefore, we have y − z 2 ≤
As an example, if dom(g) is contained in an affine subspace defined by L := {x ∈ R p | Ax = b}, and ∇ 2 f (x) is uniformly positive definite on L, then g is L g -Lipschitz and Lemma 2 still holds, but f is still non-strongly convex. In this case, we say that f is restricted strongly convex. Lemma 2 shows that the Lipschitz continuity w.r.t. the local norm · x of f is weaker than the global Lipschitz continuity of g since we only require the condition to hold on dom(f ) ∩ dom(g).
2.4. Fundamental assumption and optimality condition. Throughout this paper, we rely on the following fundamental assumption:
Assumption 1 is a standard one that is required in any solution method. Throughout this paper, we assume that Assumption 1 holds without recalling it.
The optimality condition associated with (1) becomes
This condition is necessary and sufficient for x to be an optimal solution of (1). For any H ∈ S p ++ , we can reformulate this optimality condition as a fixed-point condition:
This formulation shows that x is a fixed point of T
3. A Conceptual Homotopy Proximal Variable-Metric Framework. In this section, we introduce a novel parameterization of the optimality condition (6) and propose a conceptual framework for designing homotopy proximal variable-metric methods for solving (1).
3.1. Parametrization of the optimality condition. Given x 0 ∈ dom(F ), we compute a subgradient ξ 0 ∈ ∂g(x 0 ). Then, we parameterize f as follows: (7) reduces to f τ (x) = τ f (x). Next, we consider the following composite convex optimization problem derived from (1):
This problem is similar to (1) and can be considered as a parametric perturbation instance of (1). The optimality condition of this problem is given by
which is necessary and sufficient for x * τ to be an optimal solution of (8). We call this condition a parametric optimality condition of (1) .
From the optimality condition (9), we can show that
, which is exactly the original optimality condition (6) of (1). Hence, x * 1 = x is an exact optimal solution of (1).
• If τ = 0, then (9) reduces to ξ 0 ∈ ∂g(x * 0 ). Therefore, we can choose x * 0 = x 0 , the initial point, as an optimal solution of (8) at τ = 0.
Our main idea is to start from a small value τ 0 ≈ 0 and follow a homotopy path on τ to find an approximate solution of x * τ at τ ≈ 1. As we will show later, we do not start from τ 0 = 0, but from a sufficiently small value τ 0 > 0.
Note that, when τ > 0, we can write (9) as
, an 1 -regularizer, for a given regularization parameter ρ > 0, then when τ is close to zero, the weight 1 τ on g is large and the solution of (8) is expected to be very sparse. This potentially can reduce the computational complexity of the underlying optimization method by working on sparse vectors or matrices. This property of the regularizer g is also expected in other applications such as low-rank and group sparsity models.
Remark. The formulation (9) is new and it does not reduce to any existing homotopy formulation including [41, Formula 4.2.26 ] to the best of our knowledge. This formulation is expected to lead to more efficient homotopy-type algorithms for solving sparse and low-rank convex optimization as explained above.
3.2.
A fixed-point interpretation of the parametric optimality condition. Recall the optimality condition (9) given as 0 ∈ ∇f τ (x * τ ) + ∂g(x * τ ). By using the scaled proximal operator prox H g , we can reformulate (9) into a fixed-point problem: (10) x * τ = prox
for any H ∈ S p ++ . Let us define the following mapping for any x ∈ dom(F ): Choose τ 0 ∈ (0, 1), and an appropriate initial point x 0 ∈ dom(F ). Evaluate ξ 0 ∈ ∂g(x 0 ). 3: Stage 2 (Homotopy scheme): For k = 0 to k max , perform 4: Update τ k+1 from τ k such that 0 < τ k < τ k+1 ≤ 1. 5: Evaluate ∇f (x k ) and H k , and update x k+1 by approximately solving We will provide the details of each stage in the sequel based on some appropriate assumptions for (1) . The main step of Algorithm 1 is (12), where we need to evaluate the scaled proximal operator prox
. Depending on the choice of the variable matrix H k , we obtain different methods:
• If H k is diagonal, then we obtain a homotopy proximal gradient method.
• If H k approximates ∇ 2 f (x k ), then we obtain a homotopy proximal quasi-Newton method.
, then we obtain a homotopy proximal Newton method. The choice of an initial point x 0 , the initial value τ 0 of the parameter τ , the update rule of τ k , and the approximation rule of (12) in Algorithm 1 will be specified in the sequel.
Inexact proximal Newton scheme. Let
The exact evaluation of the scaled proximal operator in (12) is equivalent to solving the following convex subproblem:
In this case, we can writex k+1 as
the exact solution of (13) . When g is nontrivial (e.g., not a linear function), we can only approximate the true solution x k+1 of (13) by an approximation x k+1 such that
Here the approximation ":≈" is defined explicitly next in Definition 3.
Definition 3. Letx k+1 be the exact solution of (13), and δ k ≥ 0 be a given accuracy. We say that x k+1 is a δ k -approximate solution tox k+1 , denoted by x k+1 :≈x k+1 as in (14) , if 
. Consequently, combining this inequality and (15), we can show that if (15) holds, then (15) can be guaranteed by using several optimization methods in the literature such as accelerated proximal-gradient [4, 41, 52] , ADMM [8] , or semi-smooth Newton-CG augmented Lagrangian methods [67] . In Subsection 6.3, we approximately compute (13) via solving its dual.
We define the following local distances to measure the distance of approximations x k+1 and x k to the true solution x * τ k+1
of the parameterized problem (9):
. These metrics will be used to analyze the convergence of our methods.
Convergence and iteration-complexity analysis.
We analyze the convergence and iteration-complexity of Algorithm 1 for solving (1) under three different subclasses of f and g.
4.
1. Linear convergence for the smooth and strongly convex case. The first class of models is when f and g in (1) satisfies the following assumption.
Under Assumption 2, Algorithm 1 only has Stage 2 and we do not need to perform Stage 1 and Stage 3 of Algorithm 1. We can start from any starting point x 0 ∈ dom(F ). We show that Algorithm 1 achieves a global linear convergence rate. This result is stated in the following theorem, whose proof can be found in Apppendix B.1. 
For any given τ 0 ∈ (0, 1) and x 0 ∈ dom(F ), we define
Let (x k , τ k ) be the sequence generated by the exact scheme (12) in Algorithm 1, where H k ∈ S p ++ is chosen such that mI H k LI and τ k is updated by
τ k 2 and {1 − τ k } globally converge to zero at a linear rate. The sequence x k also satisfies
Hence, x k globally converges to a solution x of (1) at a linear rate.
Let us make some remarks on the result of Theorem 4. First, the condition ω < 1 is equivalent
which reduces to a homotopy proximal gradient method.
To optimize the contraction factor, we need to minimize
I, and we obtain
I. Next, note that the convergence rate of (12) is slower than in the standard proximal variable-metric method. Its contraction factor is σ defined in (18) . However, (12) possesses some computational advantages that the standard proximal variable-metric method does not have as we will discuss in Section 7.
The linear convergence rate under Assumption 2 is known from the literature for both gradient and Newton-type methods. Nevertheless, our method is new, which works on the parameterized function f τ instead of f . Our method also allows us to flexibly choose the variable matrix H k as long as it satisfies the condition of Theorem 4. Another appropriate choice of H k is a rank-one update as proposed in [6] .
Nesterov's accelerated variant. Note that we can develop Nesterov's accelerated variant for (12) under Assumption 2. In this case, the convergence factor in Theorem 4 will be improved from 1 −
. However, we skip this modification in this paper.
4.2.
Linear convergence for self-concordant function f without barrier. We consider the second case where f and g satisfy the following assumption.
Note that, in Assumption 3, we only require f to be self-concordant, but not necessary a self-concordant barrier. The class of self-concordant functions is much larger than the class of self-concordant barriers. As indicated in Proposition 13, any generalized self-concordant and strongly convex function is self-concordant. In particular, it covers a few representative applications presented in the introduction. For other examples, we refer the reader to [56, 61] .
Under Assumption 3, Algorithm 1 has two stages: Stage 1 finds an initial point, and Stage 2 performs a homotopy scheme. We can skip Stage 3. For any initial value τ 0 ∈ (0, 1) of τ , let us choose σ ∈ (0.318642, 1) that solves the following inequation:
Note that there always exists σ ∈ (0.318642, 1] that solves (20) . Theorem 5 below states the convergence of (14) under the Assumption 3. Its proof can be found in Appendix B.2.
Theorem 5. Suppose that Assumption 3 holds for (1). Let τ 0 ∈ (0, 1) and σ ∈ (0, 1] be two constants satisfying (20) and (x k , τ k ) be the sequence generated by (14) . Moreover, x 0 and τ 0 ∈ (0, 1) are chosen such that λ 0 :
≤ β with β := 0.05. Let us choose
, and update the parameter τ k as
} and {1 − τ k } both globally converge to zero at a linear rate.
Moreover, there existsĈ > 0 such that
Hence, the sequence x k − x x also globally converges to zero at a linear rate.
The following result is a direct consequence of Theorem 5 and Lemma 2 when g isL g -Lipschitz continuous in 2 -norm, and f is strongly convex and generalized self-concordant.
Corollary 6. Assume that f is generalized self-concordant as defined in Definition 12 and g is Lipschitz continuous with a Lipschitz constantL g ≥ 0 in 2 -norm instead of g being L gLipschitz continuous w.r.t. · x . Assume additionally that f is strongly convex with a strong convexity parameter µ f > 0. Then, the conclusion of Theorem 5 still holds with
. By Lemma 2, we can easily see that this condition is weaker than the L g -Lipschitz continuity of g w.r.t. · x . For example, if f (x) = − ln(x), and g(x) = x 2 , then ∇g(x) 2 x = 1 for all x > 0. In this case, the conclusions of Theorem 5 still hold. (b) Observe that in (21) , if the rate of change from ∆ k to ∆ k+1 is slow so that ∆ k+1 ≈ ∆ k , then the rate of increment from τ k to τ k+1 will become faster when k increases.
4.3.
Linear convergence under the self-concordant barrier of f . When f is a selfconcordant barrier, we use a different analysis, and no longer require g to be Lipschitz continuous as stated in the following assumption:
Assumption 4. The function f is a ν f -self-concordant barrier as defined in Definition 12, and g is proper, closed, and convex. For a given x 0 ∈ dom(F ), either the analytic center x f of f defined by (50) on the interior of the level set
Under Assumption 4, Algorithm 1 also requires Stage 1 and Stage 2, while we can skip Stage 3. For any τ 0 ∈ (0, 1), we choose σ ∈ (0.318642, 1] such that
Here,c 0 : (50) exists, andc 0 := 0, otherwise. These two constants τ 0 and C 0 always exist, and C 0 ≤ 
. Therefore, the sequences
Moreover, if we choose σ ∈ (0.318642, 1] such that (22) holds and
Hence, the sequence x k converges to an optimal solution x of (1) at a linear rate.
Theorem 7 shows the global linear convergence of our inexact proximal-Newton method for solving (1) under Assumption 4. Here, the constants σ and β balance between the contraction factor and the step-size of the homotopy parameter τ . The choice of σ from (22) is conservative due to several rough estimates in our proof. In practice, σ can be chosen to be much smaller than one as observed in our numerical experiments.
Stage 1:
Finding an appropriate initial point. While the variant of Algorithm 1 in Theorem 4 can start from any initial point x 0 ∈ dom(F ), the variants in Theorem 5 and Theorem 7 require an appropriate initial point x 0 . More precisely, we need to choose an initial value τ 0 ∈ (0, 1) and
≤ β for a given β := 0.05. We consider two cases: g is µ g -strongly convex and g is non-strongly convex.
5.1. Inexact damped-step proximal-Newton scheme. We can apply the following inexact damped-step proximal-Newton scheme proposed in [60] to find x 0 . Let us start from any initial pointx 0 ∈ dom(F ), compute a subgradientξ 0 ∈ ∂g(x 0 ), and update:
Here, 0 ≤δ j <ζ j is the accuracy level defined as in Definition 3 and we use the "hat" notation for the iterates to distinguish this procedure from Algorithm 1. The following proposition provides an estimation on the number of iterations needed to find the initial point x 0 , whose proof can be found in [60, Lemma 4.3.] .
Proposition 8. Let x j be generated by (24) withδ j :=ζ j 10 , then after at most
, and ω(t) := t − ln(1 + t). Proposition 8 suggests that we can perform a finite number of damped-step proximal-Newton scheme (24) to find
Hence, x 0 is an initial point that satisfies the conditions of Theorem 5 and Theorem 7.
5.2. Strong convexity of g. If g is strongly convex with a strong convexity parameter µ g > 0, and x 0 is not an optimal solution of (1), then we can choose τ 0 as
Here, λ max (∇ 2 f (x 0 )) is the maximum eigenvalue of ∇ 2 f (x 0 ). We will show in Appendix B.4 that
≤ β. Hence, Algorithm 1 can start from an arbitrary point x 0 ∈ dom(F ).
5.3.
Non-strong convexity of g and strong convexity of f . We adopt our recent idea in [62] to develop a homotopy scheme to find this initial point x 0 in a finite number of iterations. Starting from anyx 0 ∈ dom(F ), we consider the following auxiliary optimality condition depending on a new homotopy parameter t > 0 and a fixed value τ 0 ∈ (0, 1):
for anyξ 0 ∈ ∂g(x 0 ). Clearly, when t = 0, (26) reduces to (9) at τ = τ 0 and
, which shows that x * 0 =x 0 is a solution of (26) . By applying the homotopy method starting from t 0 ≈ 1, and decreases t j to zero, we obtain an approximationx j to x * τ0 . The main step of this scheme is given as follows:
where the approximation ":≈" is defined as in Definition 3, and t 0 > 0 is a starting value of t. We also use the "hat" notation for the iterates to distinguish this procedure from Algorithm 1. This scheme is slightly different from (14) with the additional term −t j+1 (∇f (x 0 ) +ξ 0 ). The following theorem shows us how to choose t 0 and update t to guarantee x j − x * τ0 x * τ 0 ≤ β, whose proof is given in Appendix B.5.
Theorem 9. Assume that f is self-concordant and µ f -strongly convex with µ f > 0. For any given β ∈ (0, 0.05], we defined Θ := 99β 500 − 10β 9 > 0. Letx 0 ∈ dom(F ) be an arbitrary starting point,ξ 0 ∈ ∂g(x 0 ), and t 0 be chosen such that
Let (x j , t j ) be the sequence generated by (27) starting from thisx 0 and t 0 . Support further that ≤ β.
Theorem 9 shows that to find an initial point x 0 :=x jmax for Algorithm 1 such that x 0 −x * τ0 x * τ 0 ≤ β, we only need a finite number of iterations j max as defined in Theorem 9. Moreover, in this case, we can take ξ 0 :=ξ 0 in Algorithm 1.
Implementation remarks for Algorithm 1.
Theoretically, the variants of Algorithm 1 stated in Theorem 5 and Theorem 7 require a good starting point x 0 such that
To find this point, we can use either (24) or (27) . However, since we know that when τ 0 = 0, x * τ0 ≡ x * 0 = x 0 , in practice we can choose τ 0 > 0 to be sufficiently small such that x * τ0 ≈ x 0 , and skip Stage 1. Practically, we only perform two stages as follows:
• Skip Stage 1 and choose τ 0 > 0 sufficiently small such that
• In Stage 3, we fix τ k and perform a couple of iterations to reach
We only perform Stage 3 if we choose σ = 1. In this case, we only have
≤ ε, we need to perform a few proximal-Newton iterations with fixed τ k .
6. Primal-Dual-Primal Method. Our second idea is a primal-dual-primal approach to solve (1) . We propose a primal-dual-primal method which consists of the following steps:
• Construct the Fenchel dual problem (29) of (1).
• Apply Algorithm 1 to solve the dual problem (29) .
• Instead of solving the dual subproblem (13), we dualize it to go back to the primal space.
• Construct an approximate primal solution of (1) from its dual approximate solution. We will show in Section 6.6 that this approach is useful for the well-known model (2) . Now, we present this method in detail as follows.
6.1. The dual problem. We assume that g(x) := ψ(Dx), where ψ is a proper, closed, and convex function from R n → R ∪ {+∞}, and D : R p → R n is a linear operator such that n ≤ p. The dual problem of (1) in this case becomes (29) Ψ := min
where f * and ψ * are the Fenchel conjugates of f and ψ, respectively. Let us define ϕ(y) := f * (−D y). Then, we can compute the gradient and Hessian of ϕ as
We impose the following assumption.
Assumption 5. The function f in (1) is self-concordant as defined in Definition 12, and g(x) := ψ(Dx), where ψ : R n → R ∪ {+∞} is a proper, closed, and convex function and D : R p → R n is a linear operator such that n ≤ p. In addition, D has full-row rank.
Under Assumption 5, the function ϕ is still a self-concordant function as stated in [44, Theorem 2.4.1] for dom(ϕ) defined as
We define the local norm with respect to ϕ as u y := (u ∇ 2 ϕ(y)u) 1/2 and its dual norm v *
The optimality condition of the dual problem (29) becomes
which is necessary and sufficient for y to be an optimal solution of (29) if dom(ϕ) ∩ dom(ψ * ) = ∅. Let y be an optimal solution of (29) . Then, from (31), if we define (32) x := ∇f * (−D y ), then −D y ∈ ∂f (x ), which leads to 0 ∈ D y + ∂f (x ). On the other hand, we have Dx ∈ ∂ψ * (y ), which leads to y ∈ ∂ψ(Dx ). Combining both expressions, we have 0 ∈ D ∂ψ(Dx ) + ∂f (x ). Therefore, x given by (32) is an exact solution of the primal problem (1).
6.2. The homotopy proximal Newton method methods for the dual problem. To fulfill the assumptions of Theorems 5 and 7, we assume that one of the following conditions holds:
• f satisfied Assumption 5 and ψ * is L ψ * -Lipschitz continuous w.r.t. · y defined by ϕ.
• f satisfied Assumption 5 and is ν f -self-concordant barrier. One can show that ψ * is L ψ * -Lipschitz continuous if dom(∂ψ) is bounded w.r.t. the local norm defined by f , i.e. there exists L ψ * > 0 such that u x ≤ L ψ * for any u ∈ dom(∂ψ). Since the dual problem (29) has the same property as the primal one (1) under the above assumptions, let us apply Algorithm 1 with H k := ∇ 2 ϕ(y k ) to solve this problem, which leads to
where
. Here, y k+1 is an approximation to the true solutionȳ k+1 as defined in Definition 3, whereȳ k+1 is given by
and both the gradient mapping ∇ϕ and the Hessian mapping ∇ 2 ϕ of ϕ are given in (30), respectively. This problem in general does not have a closed form solution. But observe that (34) is a convex composite quadratic programming problem for which highly advanced algorithms such as the semismooth Newton augmented Lagrangian method developed in [37, 69] can be designed to solve it efficiently, as we shall demonstrate later in the numerical experiments.
6.3. The dualization of the subproblem (34) . Instead of solving the dual subproblem (34) directly, we dualize it to obtain the following subproblem in the primal space of Dx:
Clearly, this problem is again a composite strongly convex quadratic program of the same form as (34) , but in the primal space of Dx. Specially, if D = I, the identity matrix, then (35) is in the primal space of x as in (13).
Solution reconstruction for (34)
. Recall thatz k+1 denotes the exact solution of (35), then we can construct
as an exact solution of (34) . Assume that we can only solve (35) up to a given accuracy δ ≥ 0. In this case, we say that z k+1 is a δ-approximate solution toz k+1 of (35) if for anyẽ k such that ẽ k y k ≤ δ, we have
To guarantee (37), we can apply inexact first-order methods to solve (35) , see, e.g., in [52, 63] . If z k+1 satisfies (37), then we can construct an approximate solution y k+1 toȳ k+1 as (38)
The following lemma shows a relation between z k+1 of (35) and the approximate solution y k+1 of (34), whose proof is given in Appendix B.6.
Lemma 10. Let z k+1 be a δ-approximate solution toz k+1 of (35) in the sense of (37). Then, y k+1 constructed by (38) is also a δ-approximate solution to the true solutionȳ k+1 of (34) such
2 . 6.5. Primal solution recovery. Finally, we show how to recover an approximate primal solution x k of the original problem (1) from its dual approximate solution y k . Based on (32), we show below that for an approximate solution y k to y , the following point
is an approximate solution to the true solution x of (1) as stated in the following theorem whose proof is given in Appendix B.7. In particular, if D is an invertible matrix, then one can show that we can construct an approximate solution x k+1 to x of (1) from z k+1 .
Theorem 11. Let y be an exact solution of the dual problem (29) . Then (a) x constructed by (32) is an exact solution of (1).
(b) Let y k be computed by (38) and x k be given by (39) such that y k − y y < 1. Then
Consequently, under the conditions of Theorem 5 or Theorem 7, the sequence x k converges linearly to the optimal solution x of (1).
(c) Let z k+1 be an approximate solution of (35) .
Assume that we apply Algorithm 1 to solve the dual problem (29) 
to approximate the solution x of (1). Otherwise, we can construct an approximate solution x k to x by using (39), which requires one evaluation of ∇f * .
6.6. Applications to covariance estimation. In this section, we apply Algorithm 1 and the primal-dual-primal method in Section 6 to solve the regularized covariance estimation problem (2) as in [18] and its least-squares extension in [32] .
We recall the primal regularized covariance estimation problem given in (2). Associated with (2), we can also consider its dual form:
Here, ψ * is the Fenchel conjugate of ψ(X) := g(X). This problem again has the same form as (1). Instead of solving the primal problem (2), we apply Algorithm 1 to solve the dual problem (42) and reconstruct a solution of (2) from its dual.
The main steps of the algorithm. Given
The main step of the algorithm is to solve the following subproblem
As discussed in Section 6, instead of solving (43), we look at its dual form
where C k := 2Y k − Ξ k + Σ. Once Z k+1 is computed from (44), we can reconstruct Y k+1 as follows:
and compute an inexact Newton decrement
Finally, when an ε-solution Y of (42) is computed (i.e. Y := Y kmax ), we can reconstruct an approximate solution X of the primal problem (2) by taking X := (Σ+ Y ) −1 . This computation requires the inverse of a symmetric positive definite matrix, which can be done efficiently by Cholesky decomposition. However, as shown in Theorem 11, we can use Z k+1 computed by (44) to approximate the true solution X . This allows us to avoid the matrix inversion (Σ + Y ) −1 .
The algorithm.
Putting together these steps, we obtain a new algorithmic variant for solving (2) as presented in Algorithm 2.
Let us highlight some new features of Algorithm 2 as compared to existing methods in the literature, e.g., [18, 25, 26, 59, 61] .
(a) Firstly, Algorithm 2 deals with a general regularizer compared to [18, 25, 26] . When g is the 1 -norm regularizer, we can apply coordinate descent methods as in [18, 25, 26] for solving (44) to improve its practical performance. Update τ k+1 as in (23).
4:
Solve (44) up to a tolerance δ k ≤δ 0 := 0.1ε to get Z k+1 .
5:
Compute
, and computeλ k as (46).
6:
Ifλ k ≤ ε and 1 − τ k+1 ≤ ε, then terminate.
7:
If damped step is used, then compute α k :=λ
. Otherwise, set α k := 1.
8:
9: End for k. 10: Output: Output Y k as an ε-solution of (42) and Z k+1 as an ε-solution of (2).
(b) Secondly, Algorithm 2 relies on Algorithm 1 to solve the dual problem (42) instead of standard proximal-Newton methods. It has a linear convergence rate compared to the damped-step scheme which only has a sublinear convergence rate as shown in [59, 61] . (c) Thirdly, it does not require any linesearch or any additional assumption in our analysis to achieve a linear convergence rate. (d) Fourthly, the whole algorithm does not require any matrix inversion or Cholesky decomposition as long as we can solve the subproblem (44) with a first order method. This is an important feature for designing parallel and distributed variants of Algorithm 2 as compared to [26] . (e) Finally, the subproblem (44) works on the original regularizer g instead of the dual problem as in [59] , which preserves the structure such as sparsity on the iterates as promoted by the regularizer g.
7.
Numerical experiments. We provide some numerical experiments to illustrate our theoretical development. Our experiments are implemented in Matlab 2018a running on a Dell Optiplex 9010, 3.4 GHz Intel Core i7-3770 with 16GB 1600 MHz DDR3 memory.
7.1. Lipschitz gradient and strongly convex models. Now we evaluate the performance of the homotopy proximal-Newton scheme (12) by applying it to solve the following logistic regression problem with an elastic-net regularizer:
where µ f > 0 and ρ > 0 are two regularization parameters, and (a i , y i ) ∈ R p ×{−1, 1}, i = 1, . . . , n is a given dataset. As shown in [70] , the elastic-net regularizer helps to remove variable limitation with more freedom than the classical LASSO model, and it can also carter for groups of nonzero variables. Clearly, f (x) :
2 is µ f -strongly convex, and L f -Lipschitz gradient continuous with L f := 1 2n A 2 + µ f , where A = [a 1 , . . . , a n ] ∈ R p×n . Moreover, the function g(x) := ρ x 1 is L g -Lipschitz continuous with L g := ρ. Hence, Assumption 2 of Theorem 4 is satisfied.
We implement Algorithm 1 to solve (47) and compare it with homotopy quasi-Newton variant, standard proximal-gradient scheme [4] , and the accelerated proximal-gradient method with linesearch and restart [4, 5, 55] . These methods are abbreviated as "HomoPN", "HomoQuasiPN", "PG", and "Ls-Rs-APG", respectively. We test these algorithms on several binary classification datasets a1a, a9a, w1a, w8a, covtype.binary, news20.binary, rcv1.binary and real-sim from [10] , and mnist17 and mnist38 from the mnist dataset where we choose the digits 1 and 7, and the digits 3 and 8. The details of these dataset set is given in Table 1 .
Following [13] , we set µ f = 1 n . The parameter ρ for 1 -regularization is selected to produce about 10 percent of nonzeros coefficients. We should mention here that the subpropblem in the model (47) is an elastic-net regularized least-squares problem. For Algorithm 1 to be numerically efficient, it is crucial for us to solve those subproblems efficiently. Fortunately we can adapt the highly efficient semismooth Newton augmented Lagrangian method in [37] to solve the subproblems (12) . We terminate the experiments when the relative gaps are less than a given tolerance ε = 10 −6 , based on the KKT system of (47). Moreover, for PG and Ls-Rs-APG methods, we set the maximum number of iterations at 2 × 10 4 . If any method does not achieve our desired accuracy after at most 2 × 10 4 iterations, we use "-" to represent the result. Our final results are reported in Table 2 , where iter is the number of iterations, time[s] is the computational time in second, and rgap is the relative gap times 10 −7 . We highlight that (47) can be solved effectively by a stochastic method to a modest level of accuracy when the number of data points n is large. However, in our experiments, we only focus on relatively moderate datasets as we are interested in solving the problems accurately to evaluate the performance of Algorithm 1, and ignore the comparison with stochastic methods. Table 2 shows that since f is strongly convex and has continuous Lipschitz gradient, the standard proximal-gradient method PG can solve some of the problems slightly better than the homotopy quasi-Newton method HomoQuasiPN, particularly for some of the datasets where the number of features is large (e.g., news20 and real-sim). Note that since the problem (47) is strongly convex, both PG and Ls-Rs-APG have linear convergence rate. Ls-Rs-APG outperforms PG in terms of iteration numbers as stated by the theory. But since we adopt the line search scheme, we found that the times taken by these two methods in solving some of the problems are roughly at the same level. However, HomoQuasiPN is promising when the number of features is moderate but the number of observations is large, for instance the datasets mnist17 and mnist38. The reason is that when the number of observations is large, the cost of computing the H k for HomoPN will be more expensive than that in HomoQuasiPN. Hence, with warm start, HomoQuasiPN will only need a few more iterations to converge but with lower computing cost in each iteration. In other situations, our HomoPN outperforms all other methods in terms of iteration numbers and computation time. Furthermore, our homotopy methods can often solve the problems more accurately. To conclude, our homotopy methods are highly efficient for solving a varieties of large-scale datasets in logistic regression.
7.2. Self-concordant barrier models. We illustrate the variant of Algorithm 1 in Theorem 7 for solving the following constrained convex problem with a self-concordant barrier function f arising from D-optimal experimental design, see, e.g. [24, 39] :
where A i for i = 1, · · · , p are m × m symmetric positive semidefinite matrices. If we define f (x) := − log det p i=1 x i A i , and g(x) := δ ∆p (x), where ∆ p is the standard simplex in R p , then we can reformulate (48) into (1), and f satisfies the assumptions of Theorem 7.
We implement Algorithm 1 to solve (48) , and compare it with the interior-point method in [39] , where their code is available online at http://www.mypolyuweb.hk/ tkpong/OD final codes/. To approximately solve the proximal-Newton subproblem (44), we adapt the semi-smooth Newton-CG augmented Lagrangian method in [37, 69] to solve the composite convex QP problem where the nonsmooth term is given by g(x) = δ ∆p (x). We also compare our method with the multiplicative method proposed in [24] and the interior-point method implemented in SDPT3-v.4.0 [57] . We abbreviate these solvers by HomoPN, MUL, IP, and SDPT3, respectively. Unlike other wellestablished IP solvers, SDPT3 allows us to handle directly the log-determinant functions without reformulation or approximation.
We follow the same procedure as in [39] to generate the data and use the implementation of MUL from [39] . More precisely, we consider the following four design spaces:
For each design space, we set A i := x i x i for i = 1, · · · , p, with p = 10000, 50000, 100000 for χ 1 , χ 2 , χ 4 , and p = 10000, 40000, 90000 for χ 3 . In this case, the problem dimension m is m = 4 in χ 1 , χ 2 and χ 4 and m = 5 in χ 3 . The performance of these four methods on 9 problems of different sizes are reported in Table 3 , where (#Iterations) and Time[s] denote the number of iterations and computational time taken, respectively, and F (x k ) is the approximate optimal objective value attained for (48) .
In Table 3 , the objective value F (x k ) is rounded off to seven significant digits. We can see that our homotopy method, HomoPN outperforms the multiplicative algorithm MUL in terms of computational time, and achieving much smaller objective values in all the instances. Our HomoPN also outperforms the interior point method (IP) and SDPT3 in terms of time and also gives slightly better objective values in most instances.
To see the performance of our method compared to MUL and IP, in the following test, we extend the dimension of datasets in χ 1 , χ 2 , and χ 3 as follows:
We first run MUL up to 10, 000 iterations, and check whether the HomoPN and IP methods can solve the problem in terms of the function value. We terminate the algorithms when the objective value is less than the value procedured by MUL. When the IP method cannot achieve this objective value, we terminate it and record the time and objective value after at most 10, 000 iterations (this is a large number of iterations for interior point methods). The computation results are presented in Table 4 . For these larger dimensional problems, SDPT3 fails to solve them to the required accuracy, and we do not add this method to our experiments. From Table 4 , we can see that our algorithm outperforms both the MUL and IP methods in terms of computation time, while the IP method cannot achieve the desired accuracy when the dimension of the matrix variable m is increased. It also illustrates the ability of our method to solve the problems to an intermediate accuracy. The reason why the IP method cannot solve the problem is that when the dimension is large, the Newton system is very ill-condition, and the solver cannot handle the ill-conditioning difficultly satisfactorily.
7.3. Non-Lipschitz gradient models. Next, we illustrate the variant of Algorithm 1 stated in Theorem 5 under Assumption 3 through a non-Lipschitz gradient model. We consider the following problem from Poisson regression [27, 29] :
where a i ∈ R p , y i ∈ R are given, and µ f > 0 and ρ > 0 are given regularization parameters.
is also µ f -strongly convex, and g(x) := ρ x 1 is L g -Lipschitz continuous with L g := ρ. Hence, problem (49) satisfies Assumption 3. Consequently, the results of Theorem 5 hold for this problem. We implement Algorithm 1 to solve (49) and compare it with a quasi-Newton method using BFGS with linesearch scheme and a limited-memory quasi-Newton method (L-BFGS) with both linesearch and restarting scheme. We name these three schemes HomoPN, BFGS, and L-BFGS-LS-R, respectively. Similar to the above example, we adapt the semi-smooth Newton-CG augmented Lagrangian method in [37, 69] to approximately solve the convex composite quadratic programming subproblem (13) in HomoPN.
Note that since the gradient ∇f is not Lipschitz continuous, first-order methods such as proximal gradient-type methods are not applicable. Our experiment reveals that first-order methods such as accelerated Barzilai-Borwein step-size proximal gradient algorithms often failed to converge due to the explosion of the estimated Lipschitz constant of ∇f .
We test three algorithms on 6 datasets downloaded from the UCI dataset repository [38] and Kaggle (https://www.kaggle.com/datasets). Such datasets are used to predict the number of communications for a social post (news and facebook), the review score of a hotel or wine (vegas and wine), the number of goals scored in a game season or the number of 911 calls in a period of time. The sizes of these datasets are given in Table 5 . Since these are raw datasets, to use them in our model (49), we perform a sequence of data-preprocessing routines to make our feature matrices well scaled by using methods such as one-hot encoding and min-max scaling. We test three algorithms: HomoPN, BFGS, and L-BFGS-LS-R on the datasets in Table 5 . The computation results are reported in Table 6 , where F (x k ) is the objective value of (49). We can see from the results that while all methods we have tested can solve the problem using real datasets (they all reached almost the same optimal function values), the performance of the two quasi-Newton methods are similar and our homotopy method outperforms them both in terms of computational times and number of iterations. Moreover, based on our observation, when the problem is hard (i.e. the linear system is very ill-conditioned), the number of iterations in the quasi-Newton-type methods increases rapidly. However, our homotopy method is relatively stable in terms of the number of iterations, as was indicated in Section 7.4. To conclude, our method is highly efficient for real datasets.
7.4. The initial point independence of Algorithm 2. Our goal in this example is to observe the independence of performance w.r.t. to the initial point X 0 in our inexact primaldual-primal homotopy PN scheme, i.e. Algorithm 2, compared to standard proximal-Newton methods for sparse optimization. We demonstrate this observation on the sparse inverse covariance estimation problem covered by (2) which perfectly fits our assumptions.
As mentioned, in theory, we have shown that Algorithm 2 can achieve a global linear convergence rate. In practice, however, this rate may still be slow. We instead update the homotopy parameter τ in Algorithm 1 by a longer step based on a linesearch such that the new iterate X k remains in dom(φ). This trick allows us to go faster from τ ≈ 0 to τ ≈ 1 within a few iterations instead of using the worst-case factor. Then, we fix the homotopy parameter τ k ≈ 1 and apply a few full-step proximal-Newton iterations to compute the desired solution (Stage 3 of Algorithm 1).
We implement Algorithm 2 and compare it with the primal proximal-Newton method in [61] . We abbreviate these methods by HomoPN and Primal PN, respectively. We use a restarting accelerated proximal-gradient algorithm to approximate the proximal Newton direction. We generate two problem instances using the same procedure as in [36] with p = 500 and p = 1000, respectively. In order to obtain a desired sparse solution of (2), we choose ρ := 0.01. To see the affect of the initial point X 0 on the methods we generate two different initial points X 0 .
• Case 1 (dense): X 0 := Σ † + 10 −6 × I, where Σ † is the pseudo-inverse of Σ.
• Case 2 (sparse): X 0 := diag(1./diag(Σ)) a diagonal matrix. Figure 1 shows the convergence of HomoPN and Primal PN for these two cases: the sparse initial point X 0 and the dense initial point X 0 . Figure 1 shows that our new algorithmic variant (HomoPN) depends weakly on the initial point X 0 , while the primal proximal Newton method (Primal PN) in [61] strongly depends on the choice of X 0 . The convergence rate of HomoPN is divided into two parts: the homotopy part with a linear rate, and the refining part with a quadratic rate. Figure 1 shows the quadratic convergence on the relative objective residual
of both algorithms when the iterates approach the optimal solution, but Primal PN (dense) requires a large number of iterations to reach its quadratic convergence region.
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Appendix A. Self-concordant and generalized self-concordant functions. Our central concept is the self-concordance and self-concordant barrier introduced by Nesterov and Nemirovskii [41, 44] , and extensions to generalized self-concordance studied in [56] .
For a three-time continuously differentiable and convex function f , let ∇ 3 f (x)[u] denote the third-order derivative along the direction u. We denote this class of functions by C 3 (dom(f )).
(51)
(b) If f is self-concordant, then we have
(c) Let x * t and x * t be two solutions of (26) at t ∈ (0, 1] andt ∈ (0, 1], respectively. If f is self-concordant, then (53)
s be a solution of either (9) or (26) . If f is self-concordant, and x 0 and s ∈ (0, 1) are chosen such that
If g is µ g -strongly convex, and x * τ is a solution of (9), then (54)
Using the monotonicity of ∂g and ξ 0 ∈ ∂g(x 0 ), we have ∇f
If f is µ f -strongly convex, then using the Cauchy-Schwarz inequality, the last inequality leads to
which can be simplified as
. This is exactly the first estimate of (51). Using (9) again withτ we have −τ (∇f (x * τ ) + ξ 0 ) ∈ ∂g(x * τ ) − ξ 0 . Combining this expression and −τ (∇f (x * τ ) + ξ 0 ) ∈ ∂g(x * τ ) − ξ 0 , and using the monotonicity of ∂g, we have
Rearranging this inequality, we obtain
Combining this estimate with the last inequality, and then using the Cauchy-Schwarz inequality, we obtain the first inequality of the second line of (51) .
Using again (9), we have −τ (∇f (
With a similar proof as in (a), we have
which is the first line of (52) . The second line of (52) is proved similarly as that of (51) and using the fact that ξ
The proof of (53) is very similar to the proof of (52) and we omit it here. (9), we also have
Using the µ g -strong monotinicity of ∂g and the monotonicity of ∇f , we have
2 . By the Cauchy-Schwarz inequality, we obtain
, which is the desired result in (54) .
Lemma 15. Let M > 0 and q ∈ (0, 1) be two given constants. Let {τ k } ⊂ (0, 1) be a given sequence such that
as long as the denominators are well-defined.
By induction, we have
. This estimate leads to
which proves (55).
Lemma 16. Assume that f is µ f -strongly convex and L f -smooth. Suppose 0 < m ≤ L < +∞ are given parameters such that
in (10), we get
) . Combining this expression and (12), then using the non-expansiveness of prox
Next, from the fact that mI H k LI and the strong convexity and smoothness of f , we have
∇f (x k ) − ∇f (x Substituting these estimates into (57), we get
Using again mI H k LI, the last inequality leads to
This estimate can be simplified as in (56) with
Lemma 17. Assume that f is self-concordant. Let x k+1 be generated by the inexact scheme (14) up to a given accuracy δ k ≥ 0. Let
be defined by (17) .
) and τ = τ k+1 , we have (59) x * τ k+1
= prox
) .
Define
. Then, we can rewrite (13) as (60)x k+1 := prox
Using (5), we can derive from (59) and (60) that
First, we estimate the following term of (61) using definition of ∇f τ k+1 and H * k as
.
By the self-concordance of f , with the same proof as in [41, Theorem 4.1.14], we can derive that
. as follows:
< 1. Combining these two estimates, we can derive from (61) that
by the triangle inequality. Using this in the last inequality, and rearranging the result, we obtain
Moreover, using the self-concordance of f in [41, Theorem 4.1.5], we can also derive that
Combining the last two inequalities and using the definition of λ k+1 ,λ k , and δ k , we obtain
which is exactly (58) . Here, the right-hand side is well-defined since 1 − 4λ k + 2λ 
Using the estimate (51) of Lemma 14 with τ = τ k+1 andτ = τ k , we obtain
Combining these two estimates and using the triangle inequality, we can derive that
,
In addition, by using (51) of Lemma 14 with τ = τ 0 , we have
Now, let us assume that x k − x * τ k 2 ≤ Cσ k for some σ ∈ (ω, 1] and C is given in (63) . In order to get x k+1 − x * τ k+1 2 ≤ Cσ k+1 , from (62), we impose the following condition:
Since τ k < τ k+1 and σ ∈ (ω, 1], this inequality is equivalent to
> 0. Then, the last inequality leads to
Using Lemma 15 with M := C 1 and q := σ, we get
Let us choose τ 0 and σ such that (1 − τ 0 )(1 − σ) − τ 0 C 1 = 0. Using the formula of C 1 above, this condition is equivalent to
Let us fix τ 0 ∈ (0, 1). Then (65) shows that we can choose σ := .
With the choice of τ 0 and σ, we have 0 (19) , then the condition (64) holds. Moreover,
, where the right-hand side
converges to zero as k tends to +∞. Finally, since x = x * 1 , by the triangle inequality, we have
. This is exactly the last conclusion of Theorem 4.
B.2. Proof of Theorem 5:
Linear convergence under Assumption 3. Let λ k and λ k be defined by (17) and let ∆ *
be the local distance between the true solutions x * τ k+1 and x * τ k of (9). We divide the proof of Theorem 5 into the following steps:
Step 1: Upper bound on λ k+1 : Recall (58) from Lemma 17 as follows:
By the triangle inequality and [41, Theorem 4.1.5], we can also derive that
Now, consider the function ψ(t) := 
Using the fact thatλ k ≤ λ k 1−∆ * k + ∆ * k above, we overestimate again this inequality as
where we require √ σ k > 0.
Step 3: Update rule of τ k : Using (52) with τ := τ k+1 andτ := τ k , we obtain
If we update τ k as (21), then we can see that
This guarantees (68).
Step 4: Conditions on σ and τ 0 : DefineC 0 := 2Lg(1−τ0)(1− √ σ) τ0
and choose σ ∈ (0.318642, 1] such that
Note that the above condition holds if
In turn, the condition (72) holds if we choose σ ∈ (0.318642, 1) such thatC 
This inequality shows that (76) automatically holds. Let a k := 
Hence, for any τ 0 ∈ (0, 1), if we choose σ ∈ (0.318642, 1] such that σ ≥ 1− 
Next, using (38), we have z k+1 = −∇ϕ τ k+1 (y k )−∇ 2 ϕ(y k )(y k+1 −y k −ẽ k ) forẽ k ∈ R p . Substituting this expression into the last inequality, we obtain P k (y k+1 ) − P k (ȳ k+1 ) ≤ (1− y k −y y ) 2 .
Here, we note that ∇ 2 ϕ(y ) = D∇ 2 f * (−D y )D . This inequality leads to (40) provided that y k − y y < 1.
Since we apply (33) to solve the dual problem (29), by Theorem 5 or Theorem 7, the sequence y Next, from (38) we can write
Combining these expressions, we can further estimate √ σ k , provided thatĈ < 1. If D is invertible, then we can show that x k+1 := D −1 z k+1 is an approximate solution to x of (1). Moreover, x k − x y k converges to zero at a linear rate.
